Abstract-Network coding is famous for its capability in significantly improving the throughput of network. The successful decoding of the network coded data relies on some side information of the original data. In that framework, independent data flows are usually decoded first and then network coded by relay nodes. If appropriate signal design is adopted, physical layer network coding is a natural way in wireless networks. In this work, a network coding tree algorithm which enhances the efficiency of the multiple access system (MAS) is presented. For MAS, researchers try to avoid the collisions but collisions happen frequently under heavy load. By introducing network coding into MAS, our proposed algorithm achieves a better trade-off between average delay and system throughput. When multiple users transmit signal in a time slot, the sum signals are saved and used to jointly decode the collided frames after some component frames of the network coded frame are received. Splitting tree structure is extended to our proposed algorithm for collision solving. The system throughput and average delay of frames are presented in a recursive way. Besides, extensive simulations show that network coding tree algorithm enhances the system performance in terms of system throughput and average frame delay compared with other algorithms.
I. INTRODUCTION
The medium access control (MAC) protocols play an important part in modern communication systems. Examples include Internet and WLAN. Different protocols assign the access medium to users with different manners and they are usually divided into two types. The first type is reservation protocol, in which users make reservations in the first stage only to decide their order of transmission in the next stage. The second type is direct transmission protocol, in which users transmit data frames following some certain rules based on the feedback from the channel. The feedback often implies that 0, 1 or more than 2 frames (collision state) are transmitted in the last slot [1] . The core of these two kinds of protocols is the collision solving algorithms which decides how to solve the collision situation.
Network coding has brought underlying change to the communication world [2] [3] . It was first proposed to achieve the capacity of the multicast network. Later, the extended version of this discovery-the physical layer network coding (PHY NC) was applied to many practical situations such as two-way relay networks and butterfly networks [4] . PHY NC shows great potential in improving the performance of these networks [5] .
The typical examples of collision solving algorithm include the slotted ALOHA and binary tree algorithm. It is well known that the slotted ALOHA has a limit throughput of 1/e and also requires some kinds of stabilizing method [7] [8] . In order to avoid these defects, the binary tree algorithm is proposed later [9] . It is proved to both maintain stability and increase the achievable throughput [10] . Several modifications are made to the binary tree algorithm to achieve even larger throughput. In both binary tree algorithm and its extended version the access point (AP) of the multiple access system (MAS) drops the sum signal of the collided frames.
It was often assumed that combination of the collision frames is useless because the frames interfere with each other. The thought motivated by PHY NC, which makes use of the collided frames, can be utilized to enhance the performance of traditional collision solving schemes. After decoding some raw information within collided frames successful, one of the original frame included in the collided frames can be extracted successfully by trading the received raw component data frames as side information. It was stated that both the system throughput and average delay of the slotted ALOHA can be improved by combining with PHY NC [11] for the reason that multiple received copies bring diversity gain. Nevertheless, in [11] , it was assumed that the AP is able to know which users collide. This assumption is too idea for implementing the slotted ALOHA in MAS. In [12] , the authors studied to combine the ALOHA with network coding strategy while simplified the physical channel model into Galois Field complication and addition. Because ALOHA is in fact the dominating element for the system performance, the throughput of their algorithm always shows an increase-then-decrease feature with the increment of the arrival rate. As binary tree scheme is more efficient than ALOHA when system is in heavy load case, we combine the binary tree algorithm with PHY NC, which achieves much greater performance in this paper.
The rest of the paper is organized as follows. Section II introduces the system model, claims some important prelim-inaries and then proposes a network coding tree algorithm (NCTA). Section III analyzes the average delay and the throughput of the NCTA for different system setups. In Section IV, we compare the proposed NCTA with the binary tree algorithm (BTA) and ALOHA in terms of average delay and the throughput by simulations and draw some conclusions in Section V.
II. SYSTEM MODEL AND PRELIMINARIES

A. System model
Let us consider a MAS with finite M users and an only AP. Assume the system runs with time slots and synchronization among the AP and all users is guaranteed. During each slot, one of the users is allowed to send a data frame only if others keep quiet. If more than one user send their own data frames in the same slot, collusion happens and the AP cannot decode any data frame successfully. At the end of each time slot, all users may get a feedback from the AP or by overhearing the channel. Every user knows whether a successful data transmission or a collision or non transmission occurs in the last slot. For instance, in the bus system, the AP is the same as a user from a point of view over physical layer. So, the assumption that all users may obtain the channel feedback through listening is practicle. In WLANs, the limited bandwidth may offer essential feedback from the AP to its users. This paper aims to introduce network coding to MAS. For this, we adopt a uniform expression to describe the channel feedback and the system setup over physical layer is neglected. Let x represent the mixed signals received at the AP. It is defined that
0, x only contains noise 1, x includes one data frame e, otherwise (1) In the system, it is assumed that the data frames arrival as independent Poisson flows. Let λ be the sum arrival rate for the system. So, the arrival rate of each user is λ/M while the arrival of data frames follows poisson arrival process. Generally, in MAS, if a frame collides with other ones, it will be resend within the later slots until being successfully received. We shall extend such a rule and decrease the retransmission time by employing network coding to perform signal cancelation. It is assumed that a buffer with infinite length is deployed at each user. To focus on planting network coding into MAS and investigating the throughput-delay performance gain induced by network coding concept, we simplify the system model in this work by considering that the buffer length is just 1. That is, the buffer can be modeled as a binary state machine 1 . If there is no data frame at the user, the user is in the 'inactive' state. Otherwise it is in the 'active' state.
To compare the performance of NCTA with other ones, throughput and average delay are regarded as the two main indexes of interest in this paper. The reason is that throughput describes the efficiency of the synthesized system and it is the performance of interest in most scenarios. Besides, under the throughput index, the average delay plays an very important role in describe the quality of service provided by a system [14] . We here represent them with T and D, respectively.
To analyze the MAS embedded with PHY NC, we first review some classical collision solving schemes.
B. Time Division Multiplexing
By time division multiplexing (TDM), available time slots are allocated to different users. Each user transmits data frames within its own time slot. No frame collision occurs in TDMA. In heavy load case, TDM may transmit a frame in each time slot. Therefore, TDM achieves very well performance with a large arrival rate. The highest throughput of TDM even can approach 1. Nevertheless, in light load case, many time slots are idle and waste since there is no data to transmit. Moreover, the fixed transmission order of TDM also induces relatively large average delay for all λ ∈ [0, 1). The average delay,
C. Slotted ALOHA Protocol
In order to diminish the delay of the MAS, ALOHA scheme was presented which allows the users with data to compete for accessing the channel. If frames collide in a slot, each of them will be retransmitted after a random delay with a probability of p . In the light load case, less collisions occur so that the large delay endured by TDM scheme can be significantly alleviated. Nevertheless, even in the moderate load case, the frequent collision may push the delay up and the system then steps into an instable state along with increasing data arrival rate dramatically. In low arrival rate case, ALOHA has better performance. Moreover, as it can be performed in a distributed manner, it is widely employed in lots of network scenarios.
D. Binary Tree Algorithm
Instead of letting all users with data competing for the channel in each time slot, BTA only allows part of the users to retransmit their data frames in the following slots to diminish the collision probability. Once a collision occurs, the users are randomly divided into subsets. For each subset, the users resend their data frames in a future slot. Dividing is along with collision. If no collision happens for a time slot, the frame transmitted by some user in the subset can be successfully decoded or none of the users has frames to transmit. BTA bridges ALOHA and TDM in terms of the trade-off between delay and throughput. In BTA, mixed signals of collided frames are dropped. In order to utilize the information included in collided signals, we propose the NCTA in the following.
E. Network Coding Tree Algorithm
NCTA utilizes the mixed signal of the collided frames as a PHY NC coded signal. Then, dividing follows collision, either in a random or a fixed manner. The successful data frame receiving for a subset helps it decode frames in brother subsets via canceling signal of the successfully decoded data frames from the mixed signals. As only the status is fed back by AP, including collision, successful transmitting and free time slot, after canceling the decoded signal from the mixed signals, it is feasible for AP to accurately feed back the status of the rest of the signals by observing the mixed signals. So, the AP may know no, one, or more than two data frames included in the rest of the mixed signals.
To analyze Φ and D, we take two types of system waiting time into consideration. In the first type, only one time slot is observed by the buffer. That is, the buffer only maintains the frames arrived in the last time slot. We call this system setup as System Type I. In another case, waiting time is described by the slots used to solve the last collision corresponding to the root node of the tree. This system setup is called as System Type II. We denote by W the system waiting time.
To clearly describe our algorithm, we present the pseudo code as shown in Algorithm 1.
III. THROUGHPUT AND AVERAGE DELAY ANALYSIS
A. Analysis for System Type I
In Type I system, the system waiting time is fixed to be 1 time slot. To obtain the expressions of the average delay and throughput, we define the average sum delay (ASD) of the collided frames D a and the average collision solving time (ACST) T . Denote the ACST as T (M, N ) for the case in which N in M users have data frames to send. Similarly, denote D a (M, N ) as the ASD. Since that NCTA is performed iteratively, we also aim to derive T (M, N ) and
The waiting time is fixed to be 1 slot, so that for any user, the probability on data frame arrival within it is given by
Obviously, the number of active users among all users follows binomial distribution as
Assume that when the splitting occurs, if k active users are divided into A 1 , the left subset of the tree. The possibility of this operation follows Super-Geometry distribution, which is
Next, we try to compute the expression of T (M, N ) iteratively. It corresponds to the binary tree root. By going through all possible dividing cases, we have that
with the boundary conditions of T (M, 0) = 1 and T (M, 1) = 1.
Actually, (6) is the boundary condition for both ACST and CST. If we denote t(M, N ) as CST when N active users in All the users with non-empty buffer transmit; Denote the sum signal by x;
if f (x) ̸ = 2 then 4:
Set W = 1;
5:
Break;
6:
S 1 ← A;
8:
end if
10:
while S 1 is not empty do
11:
A ′ ← Pop an element from S 1 ;
12:
x ′ ← Pop an element from S 2 ;
13:
Uniformly divide A ′ into two subsets A 1 and A 2 ;
14:
All the users in A 1 transmit frame in next time slot; 15: Denote the sum signals received at AP by y.
18:
19: Set W according to the time slots used for collision solving. 34: end while M have data to deliver, the probability for t(M, N ) can be derived in an iterative manner as follows.
with a probability of P k . The boundary condition is t(M, k) = 1 with the probability of 1 for k = 0, 1. Since
similar to T of ACST, one can get D a of ASD as
The boundary conditions are
Up till now, the average delay D and average system throughput Φ can be calculated. When there are m users with n of them having data frames in the system, the average throughput Φ can be given by
As it is difficult to express the t(M, N ) analytically, it is also hard to obtain an explicit expression for Φ. By using Jason inequality, we fortunately found a lower bound of Φ, which can be expressed as
where the right hand side of Eqn. (12) is defined as ? In terms of the ASD, the average delay D can be given by
B. Analysis for System Type II
In the Type II system, the waiting time is assumed to be the last CST. Therefore, the interplay between the active user realization and waiting time then may construct a Markov chain. Particularly, the number of active users n 0 at the beginning has impacts on the following collision solving period T 0 , while the distribution of active user n 1 of the next collision solving period is determined by T 0 .
It can be started with the calculation of the transition probability P nT from n to T , according to the distribution of t(M, N ) of CST. The general expression of P nT is given by
Comparably, the transition probability P nT , from T to n can be given by
In order to get a stable probability distribution w.r.t n, the Markov chain with n 0 → n 1 → · · · is considered. The transition probability obeys P nn = P nT P T n . Let the stable distribution satisfy that p = (p 1 p 2 · · · p n ), the average throughput can be expressed as
IV. SIMULATIONS AND DISCUSSION
We discuss the performance of the new proposed network coding tree algorithm and other exist algorithms in respective with the arrival rate λ for two types of system in terms of throughput and system average delay in this section. To compare NCTA, BTA with ALOHA, we modify the ALOHA system to guarantee that the system conditions for these algorithms are the same. We state the modified ALOHA system as follows.
The system is started with the unblocked state. If a frame arrives at some users, them transmit the frame. If no collision occurs, the system maintains unblocked state, or steps into the blocked state. In the blocked state, all users with data frames transmit with a probability p in each slot until the frame is received successfully. After that, the system goes into the unblocked state. In the modified ALOHA, if there are n users with data to transmit, p is set to be 1 n+1 , because it is capable of maximizing the successful transmission probability, C 1 n p (1 − p) n , in the next slot. For convenience, in the sequel, we shall adopt ALOHA to represent the modified ALOHA method without ambiguity.
For System Type I, we compare the throughput of ALOHA, BTA and NCTA. M = 8 and λ ∈ [0, 2]. The results were averaged over 5000 implementations. As shown in Fig. 1 , with λ ∈ [0, 2], the throughput achieved NCTA is much higher than that by BTA and ALOHA. Moreover, NCTA's throughput grows with the increment of λ and then keeps stable around 0.75 and the highest throughput of BTA and ALOHA is about 0.5. This means that the throughput can be increased by 0.25 via using NCTA. Average delay results associated with this setup are plotted in Fig. 2 . For all λ ∈ [0, 2], the average delay achieved by NCTA is shorter than that of ALOHA and BTA while the average delay of ALOHA and BTA are the same to each other roughly.
Therefore, it can be stated that in Type I System, NCTA outperforms ALOHA and BTA in terms of both throughput and average delay.
For Type II system , to keep consistent with that in Type I System, we also set λ ∈ [0, 2] and M = 8. Each result is obtained by averaging over five thousands realizations. The system throughput and the average delay of the three schemes are presented in Fig. 3 and Fig. 4, respectively. From Fig. 3 , it can be seen that ALOHA's maximum throughput is about 0.45 and the stable value is about 0.4, which is larger than that of the original slotted ALOHA, 1 e ≈ 0.37. The BTAs throughput is about 1/2 and NCTA's is gradually approaching to 1 with the increment of λ.The throughput of each scheme increases linearly with λ before it reaches the maximum. However, the ALOHA's throughput drops slightly. This means that NCTA and BTA are more stable than ALOHA. Fig. 4 . The average delay of network coding tree algorithm (NCTA), binary tree algorithm (BTA) and modified ALOHA system for system type II.
Comparing Fig. 1 and Fig. 3 , it can be seen that for System Type II, ALOHA's throughput reduces while NCTA's and BTA's are respectively increased significantly and a little. In System Type II, the waiting time of the system is relatively longer, so the collision possibility also becomes higher, which means that ALOHA is less efficient in solving collision than NCTA for many frame cases. Fig. 4 plots the average delay for the three schemes in System Type II. With the increment of λ, the average delay curves of all the three ones keep ascending. It is can be observed that, for all λ ∈ [0, 2], the average delay of NCTA is always less than that of BTA and ALOHA. The slope can roughly reflect the algorithm's stability. Particulary, the slope of the delay curves dramatically increase when λ = 0.4. From  Fig. 4 , one can observe that the slope of the average delay of ALOHA becomes the longest while that of BTA follows, and that of NCTA becomes the shortest. Compared with the results in System Type I, all three schemes in System Type II bear a relatively larger average delay. This is caused by the increased collision possibility of frames, resulting in the increased time slots consumed for solving collisions. Next, we discuss the impact of the number of users on System type II. In Fig. 5 and Fig. 6 , the throughput and the average delay of NCTA with m = 8, 16, 32 is plotted. In Fig.  5 , one can see that for a given λ, the system throughput is slightly increased along with the growth of the number of users. It is indicated that when m → +∞, the system throughput will turn to be stable around a fixed value, implying that the income brought by increasing the number of users is marginal. In Fig. 6 , it is also easy to observe that with the increment of the number of users, the system average delay is blowing up and the slope of the delay curve dramatically ascends. That is, the system becomes instable, because more users the system has, more collisions will happen than the system with less users. Consequently, more frames can be included in a collision, so the time used to solve the collision also becomes longer. In this case, each data frame needs to wait a relatively long time to be successfully decoded on average. In sum, when the number of users decreases, the throughput maintains at a high level and declines quite slightly whereas the average delay of the system is drastically reduced. This implies that NCTA is also promising for small scale networks.
V. CONCLUSION
This paper combined network coding with MAC system and then presented a network coding tree algorithm. The implicit expressions of the system average delay and throughput associated with our proposed method were derived out in an iterative manner. To discuss the system performance, we compared the average delay and system throughput induced by our proposed scheme with that by ALOHA and BTA method through simulations which showed that when employed network coding tree algorithm, the MAC system is able to achieve a higher throughput whereas the data frames bear a relatively shorter delay. Moreover, when the system are with more users, the system average delay drastically ascends and the system throughput slightly increases.
